Abstract. We will classify finite dimensional irreducible modules for affine quantum Schur algebras at roots of unity and generalize [17, (6.5f) and (6.5g)] to the affine case in this paper.
Introduction
Finite dimensional irreducible modules for quantum affine algebras U v ( g) were classified by Chari-Pressley when v is not a root of unity in [5, 6, 7] . In the case where v is an odd root of unity, finite dimensional irreducible modules for U v ( g) were classified by Chari-Pressley in [8] .
Frenkel-Mukhin [14] generalize Chari-Pressley's result to all roots of unity case.
Finite dimensional polynomial irreducible modules for quantum affine gl n were classified by Frenkel-Mukhin in [13] . The representation theory of quantum affine gl n is closely related to that of affine quantum Schur algebras. The affine quantum Schur algebra was introduced by Ginzburg-Vasserot and Lusztig (cf. [16, 22] ), which uses cyclic flags and convolution. The algebraic definition of affine quantum Schur algebras was given by R. Green in [18] . Varagnolo- Vasserot [25] proved that the two definitions of affine quantum Schur algebras are equivalent.
Let U △ (n) v be the quantum affine algebra over C(v) considered by Lusztig in [22] , where v is an indeterminate. Note that the algebra U △ (n) v is a proper subalgebra of quantum affine gl n .
Let ζ r be the natural algebra homomorphism from U △ (n) v to the affine quantum Schur algebra S △ (n, r) v over C(v) (see [22, 7.7] ). Let U △ (n, r) v = ζ r (U △ (n) v ). According to [22, 8.2] , the equality U △ (n, r) v = S △ (n, r) v holds if and only if n > r.
Let S △ (n, r) Z be the affine quantum Schur algebras over Z and let U △ (n, r) Z be the Z-form of U △ (n, r) v , where Z = C[v, v −1 ]. For any t ∈ C * , let S △ (n, r) t = S △ (n, r) Z ⊗ Z C and U △ (n, r) t = U △ (n, r) Z ⊗ Z C, where C is regarded as a Z-module by specializing v to t. Finite dimensional irreducible modules for S △ (n, r) t and U △ (n, r) t were classified in [10] when t is not a root of unity. In this paper, we will classify finite dimensional irreducible modules for the two algebras S △ (n, r) ε and U △ (n, r) ε in the case where ε ∈ C is a primitive l ′ -th root of 1. Furthermore, we will generalize [17, (6.5f ) and (6.5g)] to the affine case. We organize this paper as follows. We recall the definition of quantum affine gl n , the affine quantum Schur algebra S △ (n, r) ε and the algebra U △ (n, r) ε in §2, where ε ∈ C is a primitive l ′ -th root of 1. In §3, we will construct a functor G ε : S △ (N, r) ε -mod → S △ (n, r) ε -mod, where S △ (n, r) ε -mod is the category of finite dimensional S △ (n, r) ε -modules. Furthermore we will generalize [17, (6. 5f)] to the affine case in Proposition 3.5 and Proposition 3.6. Finally we will classify finite dimensional irreducible U △ (n, r) ε -modules in Theorem 4.7, and use Proposition 3.5, Proposition 3.6 and Theorem 4.7 to classify finite dimensional irreducible modules for the affine quantum Schur algebra S △ (n, r) ε in Theorem 4.8. In addition, we will prove in Proposition 4.13 that the functor G ε : S △ (N, r) ε -mod → S △ (n, r) ε -mod is an equivalence of categories in the case where N n r. This result is the affine version of [17, (6.5g) ].
Throughout, let v be an indeterminate and let
Let ε ∈ C be a primitive l ′ -th root of 1. Let l 1 be defined by
We make C into a Z-module by specializing v to ε. 2. Quantum affine gl n and affine quantum Schur algebras
We recall the Drinfeld's new realization of quantum affine gl n as follows (cf. [13] ).
and g i,t (1 i n, t ∈ Z\{0}) with the following relations:
where [x, y] a = xy − ayx, and φ ± i,s are defined via the generating functions in indeterminate u by
For 1 j < n, let E j = x + j,0 and F j = x − j,0 and let
and z ± s for 1 i n and s 1. Furthermore, the algebra U v ( gl n ) is a Hopf algebra with comultiplication ∆, counit ǫ, and antipode σ defined by
where 1 i n and s ∈ Z + (cf. [3, 4.7] 
and h i,t . The algebra U △ (n) v is the quantum affine algebra considered by Lusztig in [22] .
For 1 i n and s ∈ Z, define the elements Q i,s ∈ U v ( gl n ) through the generating functions
Similarly, for 1 j n−1 and s ∈ Z, define the elements P j,s ∈ U v ( sl n ) through the generating
By definition we have
, where
Affine quantum Schur algebras.
We now recall the definition of affine quantum Schur algebras. The extended affine Hecke algebra H △ (r) Z is defined to be the Z-algebra generated by
and relations
,
Let S r be the symmetric group with generators s i := (i, i + 1) for 1 i r − 1. Let
The symmetric group S r acts on the set I(n, r)
by place permutation:
Let Ω Z be the free Z-module with basis {ω i | i ∈ Z}. For i = (i 1 , . . . , i r ) ∈ Z r , write
The tensor space Ω
for all i ∈ I(n, r),
where 1 k r − 1 and 1 t r (cf. [25] ). The algebra
is called an affine quantum Schur algebra.
Let ε ∈ C be a primitive l ′ -th root of 1. We make C into a Z-module by specializing v to ε. Let
Then we have the C-algebra isomorphism
2.3. The algebras U △ (n, r) v and U △ (n, r) ε . The algebras U v ( gl n ) and S △ (n, r) v can be related by a surjective algebra homomorphism ζ r , which we now describe. The vector space Ω v is a U v ( gl n )-module with the action
whereī denotes the corresponding integer modulo n. The Hopf algebra structure of 
It is proved in [10, 3.8 .1] that ζ r is surjective. Every S △ (n, r) v -module will be inflated into a
According to [22, 8.2 ] the equality U △ (n, r) Z = S △ (n, r) Z holds if and only if n > r. The intersection cohomology basis for U △ (n, r) Z was constructed in [loc. cit.] and the presentation of U △ (n, r) v was obtained in [11, 23] . By restriction, the map ζ r induces a surjective
Thus, base change induces a surjective algebra homomorphism
Every U △ (n, r) ε -module will be inflated into a U △ (n) ε -module via ζ r,ε . Let
Then by [12, 9.3] we have
If x is any element of U Z ( sl n ) (resp. S △ (n, r) Z ), we denote the corresponding element of U ε ( sl n ) (resp. S △ (n, r) ε ) also by x.
The functor G ε
For any algebra B, the category of all finite dimensional left B-modules will be denoted by B-mod. In this section we will construct a functor G ε : S △ (N, r) ε -mod → S △ (n, r) ε -mod and generalize [17, 6.5(f) ] to the affine case in Proposition 3.5 and Proposition 3.6, which will be used in §4.
3.1. The functors G and G ε . For 1 i n and t ∈ N let k i = ζ r (k i ) and
λn . According to [10, 3.7 .4] we have
Consequently, we may identify eS △ (N, r) v e-mod with S △ (n, r) v -mod. With this identification, we define a functor
Similarly, we define the functor G ε : S △ (N, r) ε -mod −→ S △ (n, r) ε -mod as follows. We shall denote the image of e in S △ (N, r) ε by the same letter. Since eS △ (N, r) ε e ∼ = S △ (n, r) ε , we may identify eS △ (N, r) ε e-mod with S △ (n, r) ε -mod. Therefore, we may define a functor
3.2.
Properties of the functor G. We now recall a result about G established in [15] . Let Π v be the set of polynomials Q(u) ∈ C(v) [u] such that the constant term of Q(u) is 1. Following [13] , an n-tuple of polynomials Q = (Q 1 (u), . . . , Q n (u)) with
with constant term 1 and a i ∈ C(v) * , define
For Q = (Q 1 (u), . . . , Q n (u)) ∈ Q (n), define Q i,s ∈ C, for 1 i n and s ∈ Z, by the following formula
where Q ± i (u) is defined using (3.2). Let I(Q) be the left ideal of U v ( gl n ) generated by
Then by [10, 4.6 .8] L(Q) can be regarded as an irreducible module S △ (n, r) v via the map ζ r given in (2.1) for Q ∈ Q (n, r).
Assume N n. We define an injective map Q → Q of Q (n, r) into Q (N, r) as follows. For
Then the image of Q (n, r) under this map is the set
The following result is established in [15, 4.11] . 
Proof. By Proposition 3.1 there exist an
is a free Z-module. Now we assume n r. We choose N such
Let Q ∈ Q (n, r). According to Corollary 3.4, we have dim
where λ = deg Q. Thus L ε (Q) has a unique finite dimensional irreducible quotient S △ (n, r) ε -module, denoted by V ε (Q).
3.4.
Properties of the functor G ε . We are now ready to prove in Proposition 3.5 and Proposition 3.6 that the functor G ε enjoys similar properties as the functor G. These results is the affine version of [17, (6.5f)].
Proof. Let Q ∈ Q (N, r) and λ = deg Q. If λ ∈ Λ(n, r), then el λ V ε (Q) = l λ V ε (Q) = 0, and hence eV ε (Q) = 0. Now we assume eV ε (Q) = 0. Since 1 = α∈Λ(N,r) l α ,
This together with the fact that eV ε (Q) = 0 implies that there exists α ∈ Λ(n, r) such that l α V ε (Q) = 0. Since l α V ε (Q) = 0, we have α λ and, hence, r = 1 i n α i 1 i n λ i r.
Therefore, λ ∈ Λ(n, r), as desired.
Proposition 3.6. Assume N n, and let Q → Q be the injective map from Q (n, r) into
. This together with the fact that V ε ( Q) is the homomorphic image of L ε ( Q), implies that 
We end this section with an application of the above results. Let S be an associative algebra Corollary 3.7. Assume N n, and let Q → Q be the injective map from Q (n, r) into Q (N, r)
4. Classification of irreducible modules for U △ (n, r) ε and S △ (n, r) ε Finite dimensional irreducible U ε ( sl n )-modules were classified by Chari-Pressley [8] in the case where ε is a root of unity of odd order. Frenkel-Mukhin [14] extend Chari-Pressley's result to all roots of unity. We will use these results to classify finite dimensional irreducible U △ (n, r) ε -modules in Theorem 4.7. Furthermore, we will use Proposition 3.5, Proposition 3.6 and Theorem 4.7 to classify finite dimensional irreducible S △ (n, r) ε -modules in Theorem 4.8. Finally we will use Proposition 3.5 and Theorem 4.8 to generalize [17, (6.5g) ] to the affine case in Proposition 4.13.
4.1.
A simple lemma. We need some preparation. First we will generalize [21, 3.3 ] to all roots of unity in Corollary 4.3.
for 0 t m, where t = t 0 + lt 1 with 0 t 0 l − 1 and t 1 ∈ N.
Proof. Let X be an indeterminate. By the proof of [21, 3.2] we have
This gives
This together with (4.1) shows that
Comparing the coefficients of X t in the above equality, we obtain the desired formula.
Proof. In the case where l ′ is odd, the assertion follows from [21, 3.3(a) ]. Now we assume l ′ is even. Then l ′ = 2l. Since ε is a primitive l ′ -th root of unity, we conclude that ε l = −1. implies that s = t. Consequently, m = m ′ , as desired.
4.2.
Finite dimensional U ε ( sl n )-modules. We now review the classification theorem of finite dimensional irreducible U ε ( sl n )-modules. Let P (n) be the set of (n − 1)-tuple polynomials P =
and the constant term of P i (u) is 1 for 1 i n−1.
For P ∈ P (n), define P j,s ∈ C, for 1 j n − 1 and s ∈ Z, as in P ± j (u) = s 0 P j,±s u ±s , where P ± j (u) is defined using (3.2). For P ∈ P (n) letĪ ε (P) be the left ideal of U ε ( sl n ) generated by (x + j,s ) (m) , P j,s − P j,s , k j − ε µ j and
for 1 j n − 1, m ∈ N and s ∈ Z, where µ j = degP j (u), and definē
ThenM ε (P) has a unique irreducible quotient, denoted byV ε (P).
The following classification theorem of finite dimensional irreducible U ε ( sl n )-modules is given in [8, 8.2] and [14, 2.4] .
Theorem 4.4. The modulesV ε (P) with P ∈ P (n) are all nonisomorphic finite dimensional irreducible U ε ( sl n )-modules of type 1.
4.3.
Classification of finite dimensional irreducible U △ (n, r) ε -modules. Now we are ready to classify finite dimensional irreducible U △ (n, r) ε -modules. Let P ∈ P (n) and λ ∈ Λ + (n, r) be
whereĪ(P, λ) is the left ideal of U △ (n) v generated by x + i,s , P i,s −P i,s and k j −v λ j for 1 i n−1, s ∈ Z and 1 j n. The U △ (n) v -moduleM (P, λ) has a unique irreducible quotient U △ (n) vmodule, which is denoted byL(P, λ). Similarly, we definē
for 1 i n − 1, s ∈ Z, m ∈ N and 1 j n. The U △ (n) ε -moduleM ε (P, λ) has a unique irreducible quotient U △ (n) ε -module, which is denoted byV ε (P, λ).
Lemma 4.5. Let P ∈ P (n) and λ ∈ Λ + (n, r) be such that λ i −λ i+1 = degP i (u), for 1 i n−1.
is a U △ (n, r) ε -module via the map ζ r,ε given in (2.2).
According to Lemma 4.5 and Lemma 4.6 we obtain the following classification theorem of finite dimensional irreducible U △ (n, r) ε -modules.
Theorem 4.7. The set
is a complete set of nonisomorphic finite dimensional irreducible U △ (n, r) ε -modules.
4.4.
Classification of finite dimensional irreducible S △ (n, r) ε -modules. Combining Proposition 3.5, Proposition 3.6 with Theorem 4.7 yields the following classification theorem of finite dimensional irreducible S △ (n, r) ε -modules.
Theorem 4.8. The set
is a complete set of nonisomorphic finite dimensional irreducible S △ (n, r) ε -modules.
Proof. We choose N such that N > max{n, r}. Since N > r, by [22, 8.2] we have
as an S △ (N, r) ε -module. Thus by Theorem 4.7 the set
is a complete set of nonisomorphic finite dimensional irreducible S △ (N, r) ε -modules. This together with [17, 6.2(g) ] implies that the set {G ε (V ε (Q)) = 0 | Q ∈ Q (N, r)} forms a complete set of nonisomorphic irreducible S △ (n, r) ε -modules. Now the assertion follows from Proposition 3.5 and Proposition 3.6.
Remarks 4.9.
(1) If ε = 1, then S △ (n, r) ε is the affine Schur algebra over C. Therefore, we obtain a classification theorem for affine Schur algebras over C by Theorem 4.8.
, where ̟ i = 1 if 1 i r, and 
forms a complete set of nonisomorphic finite dimensional irreducible H △ (r) ε -modules. It would be interesting to determine the necessary and sufficient conditions for l ̟ V ε (Q) to be nonzero.
In the non root of unity case, finite dimensional irreducible modules for affine Hecke algebras of type A were classified in terms of multisegments (see [4, 28, 24] ). Finite dimensional irreducible modules for affine Hecke algebras of type A at roots of unity were classified in terms of the aperiodic multisegments (see [9, 1, 2] ). The classification of irreducible modules for affine Hecke algebras in all types were investigated in [20, 26, 27] . It should be interesting to determine the aperiodic multisegments corresponding to l ̟ V ε (Q) when l ̟ V ε (Q) is nonzero.
(3) Following [13, 7.2] , let U Z ( gl n ) be the Z-subalgebra of U v ( gl n ) generated by (x ± i,s ) (m) , k ±1 j , k j ;0 t , Q i,s (1 i n − 1, 1 j n, m, t ∈ N, s ∈ Z). Let U ε ( gl n ) = U Z ( gl n ) ⊗ Z C. Let Π be the set of polynomials Q(u) ∈ C[u] such that the constant term of Q(u) is 1.
Let Q (n) ε be the set of n-tuple of polynomials (Q 1 (u), · · · , Q n (u)) such that Q i (u) ∈ Π and Q j (u)/Q j (uε 2 ) ∈ C[u] for 1 i n and 1 j n − 1. According to [13, 8.2] , finite dimensional polynomial irreducible U ε ( gl n )-modules are indexed by the set Q (n) ε . Let Q (n, r) ε = (Q 1 (u), · · · , Q n (u)) ∈ Q (n) ε
Then the natural map γ : Q (n, r) → Q (n, r) ε defined by sending (Q 1 (u), · · · , Q n (u)) to (Q 1 (u)| v=ε , · · · , Q n (u)| v=ε ) is bijective. Therefore, polynomial representation of U ε ( gl n ) should be closely related to representation of S △ (n, r) ε .
4.5. Morita equivalences of affine quantum Schur algebras. We are now ready to establish Morita equivalences between affine quantum Schur algebras. Before proving Proposition 4.13 we shall need some preliminary lemmas.
Let S be an associative algebra over a field k and let f = 0 be any idempotent in S. We define the functors F and H as follows: Proof. Let V be a finite dimensional S-module and let 0 = V t ⊆ V t−1 ⊆ · · · ⊆ V 1 ⊆ V 0 = V be the composition series of V . For 0 i t − 1, there is a natural S-module homomorphism ϕ i :
Sf V i /Sf V i+1 → V i /V i+1 defined by sendingx tox forx ∈ Sf V i /Sf V i+1 . Since F(V i /V i+1 ) = 0 we have Im(ϕ i ) = 0. It follows that ϕ i is surjective since V i /V i+1 is irreducible. This implies that dim Sf V = 0 i t−1 dim(Sf V i /Sf V i+1 ) 0 i t−1 dim(V i /V i+1 ) = dim V . Consequently, we conclude that Sf V = V . Lemma 4.11. Assume F(L) = 0 for all finite dimensional irreducible S-module L. Then for each V ∈ S-mod, the S-module homomorphism α V : H • F(V ) → V defined by sending x ⊗ f w to xf w is an isomorphism for x ∈ Sf and w ∈ V .
Proof. We proceed by induction on ℓ(V ), where ℓ(V ) is the length of V . According to [17, (6. 2f)] we see that α V is an isomorphism in the case where V is irreducible. Assume now that ℓ(V ) > 1.
